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Abstrat
We disuss the linear response of the Bogolyubov theory of a weakly interating Bose gas
below the ritial temperature. The spei aspets, due to indued perturbation terms in the
self-onsistent treatment are disussed in detail. We show that Bogolyubov's model having a
gap-less equilibrium spetrum nevertheless gives rise to an eetive suseptibility whih does not
satisfy the super-uidity riterion of Hohenberg and Martin.
1 Introdution.
The theoretial interest for Bose-Einstein Condensation (BEC) has largely inreased in the last years
due to spetaular experimental evidene with old atoms in a magneti trap [1, 2℄. Most of the
theoretial disussion for weakly interating bosons is going within the frame of the equilibrium Bo-
golyubov model [3℄. (See some reent books [4, 5℄ for the reent status of the theory as well as a
disussion of this model related to some rigorous results in [6℄). This model is atually also a self-
onsistent one, being however a trunation of the general self-onsistent (s..) Hartree-Fok (HF)
approximation with the purpose to obtain a gap-less quasi-partile spetrum, the former being from
the variational point of view thermodynamially better. On the other hand, the evolution in real
time towards equilibrium and the response of ondensed bosoni systems to time-dependent exter-
nal perturbations require a onsideration of the self-onsistent sheme out of equilibrium. Outside
equilibrium the self-onsistent averages, inluding the anomalous ones like the order parameter, are
time-dependent and give rise to an indued perturbation. This aspet known also in the ordinary
theory Hartree-Fok theory of Coulomb interating partiles modies essentialy the theory of linear
response of a weakly interating Bose gas. We revisit here the linear response properties of the
Bogolyubov theory . Our analysis shows, that the Martin- Hohenberg [7℄ riterion for supra-uidity
is atually not satised in this model. Although the density-density utuation at k = 0 diverges
logarithmially at small frequenies [5℄, the eetive suseptibility remains nite.
2 The self-onsistent Hartree-Fok approximation for weakly
interating bosons.
As it is well-known, the maro-anonial density matrix
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ρ =
1
Z
e−β(H−µN)
is the solution of the following variational problem for the free energy:
G = infρTr
{
ρ
(
H − µN + 1
β
ln(ρ)
)}
with ρ ≥ 0 and Trρ = 1 .
The equilibrium Hartree -Fok approximation is the approximate solution of this problem with
the variational reservoir
ρtest =
1
Z
e−β(Htest−µN)
where Htest is the most general one-partile test Hamiltonian.
It is known [8℄, that if
Htest − µN =
∑
α
cαAα
with Aα given operators and cα the orresponding variational parameters, the minimum of the above
variational problem is ahieved for
cα =
∂〈H − µN〉
∂〈Aα〉 where 〈· · · 〉 ≡ Tr (ρtest · · · ) .
If the operators Aα are bilinear and linear ombinations of reation and annihilation operators, then
the (rst) Wik theorem for equilibrium averages an be used to express < H − µN > as a funtion
of < Aα > for all α 's. This gives rise to the usual HF oeients. While applying these results to
bosoni systems one should take into aount the existene of anomalous averages.
Atually the s.. Hartree-Fok Hamiltonian is determined by the variational priniple up to a
onstant (HF onstant) , whih may be xed by the requirement
〈H〉 = 〈Htest〉 .
Here of ourse the above desribed Wik 's theorem must be applied also on the left hand side of
this equation.
The resulting s.. Hartree-Fok Hamiltonian may be generalized suessfully under the same
form also to non-equilibrium, however all the non-equilibrium the averages are now time dependent.
It may be shown, that within this sheme (in the absene of time dependent external potentials),
although the HF Hamiltonian is time-dependent, the average HF energy is still onserved.
Let us onsider now the Hamiltonian of interating bosons (in the presene of an external potential
U(x) )
H =
∫
dx
{
ψ(x)+
(
− ~
2
2m
∇2 + U(x)
)
ψ(x) +
1
2
∫
dx′w(x− x′)ψ(x)+ψ(x′)+ψ(x′)ψ(x)
}
. (1)
This Hamiltonian onserves the number of bosons, but we are looking for a spontaneous symmetry
breaking solution. Therefore in applying the HF-sheme we hoose for the set Aα the operators
ψ(x)+ψ(x′), ψ(x)ψ(x′), ψ(x) and their onjugates.
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It an be shown that, for the ase of spontaneous symmetry breaking with anomalous averages
〈ψ(x〉〉 and 〈ψ(x′)ψ(x)〉, the rst Wik theorem needed by the above stated reipe for equilibrium
gives rise to
〈ψ(x)+ψ(x′)+ψ(x′)ψ(x)〉 = 〈ψ(x)+ψ(x′)〉〈ψ(x′)+ψ(x)〉+ 〈ψ(x)+ψ(x)〉〈ψ(x′)+ψ(x′)〉
+ 〈ψ(x)+ψ(x′)+〉〈ψ(x′)ψ(x)〉 − 2|〈ψ(x)〉〈ψ(x′)〉|2 .
The last term is the orretion to the usual Wik theorem. This result may be obtained also by sep-
arating ψ(x) = ψ′(x)+ 〈ψ(x)〉 and afterwards applying the usual Wik theorem. After reintroduing
the old operators one gets the previous result.
Based on this Wik's theorem one obtains immediately, aording to the reipe desribed above,
the form of the s.. HF Hamiltonian H0HF (the upper index 0 indiates, that it refers to equilibrium)
H0HF =
∫
dx
{
ψ(x)+
(
− ~
2
2m
∇2 + U(x)
)
ψ(x)
+
1
2
∫
dx′w(x− x′) [2ψ(x)+ψ(x′)〈ψ(x)+ψ(x′)〉∗
+ 2ψ(x)+ψ(x)〈ψ(x′)+ψ(x′)〉
+ (ψ(x)ψ(x′)〈ψ(x)ψ(x′)〉∗ + h.c.)
− (4ψ(x)〈ψ(x)〉∗|〈ψ(x′)〉|2 + h.c.)]} . (2)
Here we took into aount also that w(x− x′) = w(x′ − x) and omitted the HF onstant.
It is important to remark, that the above desribed proedure diers from a formal shift diretly
in the Hamiltonian followed by applying the operatorial (seond) Wik theorem for ontrations.
We shall not disuss here furthermore the existene and subtle denition of the Bose ondensation
in the presene of an external potential (see [11℄), but we shall treat later the linear response to a
time dependent external potential.
The above desribed s.. Hartree-Fok Hamiltonian may be generalized also to non-equilibrium
situations and in the ase of a ontat interation is often alled as The Bogolyubov-Popov model[9,
10℄.
In the absene of an external potential U(x) we shall rewrite the s.. HF Hamiltonian in the
k-spae. One introdues the Fourier transforms
ψ(x) =
1√
V
∑
k
bke
ıkx; w(x) =
1
V
∑
k
wke
ıkx
and one gets due to translational invariane (momentum onservation)
H0HF =
∑
k
{[
~
2k2
2m
+
1
V
∑
p
(wk+p + w0)〈b+p bp〉
]
b+k bk
)
+
1
2V
∑
p
wk+p [〈bpb−p〉∗bkb−k + h.c]
}
− 2
V
w0|〈b0〉|2 (〈b0〉∗b0 + h.c.) , (3)
3
or
H0HF =
∑
k
{ekb+k bk +
1
2
(c∗kbkb−k + ckb
+
−kb
+
k )} − 2w0
1
V
|〈b0〉|2(〈b0〉∗b0 + 〈b0〉b+0 ) (4)
with the notations
ek ≡ ~
2k2
2m
+
1
V
∑
p
(wk+p + w0)〈b+p bp〉; (5)
ck ≡ 1
V
∑
p
wk+p〈bpb−p〉 (6)
3 The s.. equilibrium HF solution for interating bosons.
In the ase of a homogenous system in equilibrium one may study in more detail the self-onsisteny
equations and therefore the properties of the solution. With the help of the Bogolyubov transforma-
tion one may bring the Hamiltonian Eq.(4) to the diagonal form
H0HF =
∑
k
ǫkα
+
k αk + const.
with some new (bosoni) quasipartile annihilation and reation operators αk, α
+
k .
1) Keeping only the terms of the HF Hamiltonian ontaining operators of the non-ondensate,
relevant for the elementary exitations, we have:
1
2
∑
k 6=0
{
(ek − µ)(b+k bk + b+−kb−k) + c∗kbkb−k + ckb+−kb+k
}
with µ being the hemial potential.
This Hamiltonian is diagonalized to the form
∑
k 6=0 ǫkα
+
k αk (up to a onstant term) by the anon-
ial transformation [3℄ to the new boson elds αk and α−k :
bk = ukαk + vkα
+
−k (7)
with
uk = u−k; vk = v−k and |uk|2 − |vk|2 = 1 .
One gets
uk = cosh(χk)e
ıφk ; vk = − sinh(χk)e−ıφke−ı2ψk (8)
with ψk dened by
ck = |ck|e−ı2ψk (9)
and
tanh(2χk) =
|ck|
ek − µ . (10)
One has to require of ourse
4
|ck|
|ek − µ| < 1 .
The phase φk remains arbitrary and the energies are given by
ǫk = sign(ek − µ)
√
(ek − µ)2 − |ck|2 .
For reasons of stability one should have
ek − µ > 0
and therefore
ǫk =
√
(ek − µ)2 − |ck|2 . (11)
Both inequalities may be ombined to a single one
ek − µ > |ck| . (12)
2) Now one must onsider also the part of the Hamiltonian ontaining only the operators of the
ondensate (
~k = 0)
(e0 − µ)b+0 b0 +
1
2
c0b
+
0 b
+
0 +
1
2
c∗0b0b0 − 2w0
√
V |P |2(P ∗b0 + Pb+0 ) .
Here we introdued the notation
P ≡ 1√
V
〈bo〉 . (13)
The diagonalization of the bilinear terms is ahieved by a similar anonial transformation
b0 = u0α¯0 + v0α¯
+
0 (14)
with
tanh 2χ0 = − |c0|
µ− e0 (15)
and the exitation energy is
ǫ0 =
√
(e0 − µ)2 − |c0|2 (16)
having the similar ondition
e0 − µ > |c0| . (17)
But we have still to shift the operators α¯0 in order to eliminate the linear terms
−2w0
√
V |P |2(P ∗u0 + Pv∗0)α¯0 + h.c.
Then with
α0 ≡ α¯0 − 2w0
√
V |P |2
ǫ0
(Pu∗0 + P
∗v0) (18)
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we get a omplete diagonalization in the form ǫ0α
+
0 α0 (up to a onstant term).
3) Now we must proeed to disuss the self-onsisteny requirements stemming from the fat,
that the system is in maro-anonial equilibrium. Then
〈αk〉 = 0 and 〈α+k αk〉 =
1
eβǫk − 1 . (19)
Sine 〈b0〉 = u0〈α¯0〉+ v0〈α¯0〉∗ it follows
P = −2w0
ǫ20
|P |2 ((µ− e0)P + c0P ∗) (20)
to be a self-onsisteny equation.
Sine the phase of P may be hosen arbitrarily by a simple phase transformation of the operators
b0 , it is onvenient to hose P to be real and positive. Eq.(20) may have a symmetry breaking
solution (P 6= 0) satisfying
2w0
ǫ20
(e0 − µ− c0)P 2 = 1 (21)
with any real c0, sine for the positivity of ǫ0 we had to require already Eq.(17).
For ǫ0 > 0,
1
V
〈αˆ+0 αˆ0〉 → 0 for V →∞. Then it follows also in the thermodynami limit
1
V
〈b+0 b0〉 = |P |2 and
1
V
〈b0b0〉 = P 2 . (22)
The non-ondensate parameters in equilibrium are given by
fk ≡ 〈b+k bk〉 =
ek − µ
ǫk
1
(eβǫk − 1) +
1
2
(
ek − µ
ǫk
− 1) (23)
and
Fk ≡ 〈bkb−k〉 = −ck
ǫk
(
1
eβǫk − 1 +
1
2
)
. (24)
Thus the phase −2ψk of ck diers by π from the phase of Fk.
We may go now overall to the thermodynami limit after separating the ~p = 0 terms. We have
in the thermodynami limit the funtions w(k), f(k), F (k), c(k), e(k) and ǫ(k) and therefore using
the denition of ck Eq.(6) we get
c(k) ≡ 1
(2π)3
∫
d3pw(k + p)F (p) + w(k)P 2
or
c(k) ≡ − 1
(2π)3
∫
d3pw(k + p)
c(p)
ǫ(p)
(
1
eβǫ(p) − 1 +
1
2
)
+ w(p)P 2 (25)
with the exitation energies
ǫ(k) =
√
(e(k)− µ)2 − |c(k)|2 (26)
Then it follows from the last equation , due to the reality of w(k) also, that c(k) must be real
(its imaginary part satises a homogeneous equation).
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The parameters of the ondensate are determined by
c0 = − 1
(2π)3
∫
d3pw(p)
c(p)
ǫ(p)
(
1
eβǫ(p) − 1 +
1
2
)
+ w(0)P 2 (27)
and the relation Eq.(21).
The hemial potential may be found from the average partile number by
n0 +
1
(2π)3
∫
d3kf(k) = n . (28)
(here n0 = P
2
), or
P 2 +
1
(2π)3
∫
d3p
(
e(p)− µ
ǫ(p)
1
(eβǫ(p) − 1) +
1
2
(
e(p)− µ
ǫ(p)
− 1)
)
= n . (29)
In the ase of a ontat potential its Fourier transform is onstant w(k) = w and as a onsequene,
also c(k) = c with
c =
wP 2
1 + w
(2π)3
∫
d3p 1
ǫ(p)
(
1
eβǫ(p)−1 +
1
2
)
However without a ut-o the integral diverges and therefore c = 0
One should mention also, that for T = 0◦ these HF results oinide with those of the self-onsistent
variational model elaborated by Girardeau and Arnowitt [12℄.
On the other hand, the Hugenholtz-Pines theorem [13℄ (whih is a generalization of the Goldstone
theorem [14℄ to non-vanishing temperatures ), requires that the spetrum of elementary exitations
at vanishing momentum starts with vanishing energy.
Unfortunately, within the s.. HF sheme the theorem is not satised and the elementary exi-
tations start with a gap, exept if |c(0)|2 = |e(0)− µ|2. One may still try to hose a w(q) to satisfy
this ondition [15℄.
The results of this setion are well-known in the literature (see [15, 16℄ for variational approahes
and other simplied presentations[10℄ ). Here they are derived using des Cloizeaux's elegant formalism
for the sake of further referene.
4 The Bogolyubov model.
The Bogolyubov theory [3℄ onsiders a ontat interation between the bosons, but in ontrast to
the full s.. HF theory, it disregards the utuational part of the anomalous propagators. Therefore,
while obviously from the variational point of view it is poorer, it obeys the Hugenholtz-Pines theorem.
It may be regarded as the solution of the variational problem with a onstraint given by the known
property of the exat solution. We shall analyze in the next Setion, whih are the onsequenes of
this fat for the linear response from the point of view of the super-uidity ondition of Martin and
Hohenberg [7℄. In this Setion we just desribe the model itself.
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Although the original theory of Bogolyubov [3℄ was formulated for a spaial homogeneous system,
we shall dene here also its slight generalization in the presene of an external (time dependent)
potential .
In the Bogolyubov model one disregards the utuational part of the anomalous propagators
〈(ψ(x)− 〈ψ(x)〉)(ψ(x)− 〈ψ(x)〉)〉 and onsiders the s.. Hamiltonian
HB(t) =
∫
dx
{
ψ(x)+
(
− ~
2
2m
∇2 + U(x, t) − µ
)
ψ(x)
+
w
2
[
4ψ(x)+ψ(x)〈ψ(x)+ψ(x)〉∗
+
(
ψ+(x)ψ+(x)〈ψ(x)〉2 + h.c.)
− (4ψ(x)〈ψ(x)〉∗|〈ψ(x)〉|2 + h.c.)]} . (30)
Then one remains only with three s.. entities 〈ψ(x)+ψ(x′)〉, 〈ψ(x)〉 , 〈ψ(x)〉∗.
In the absene of any potential the equilibrium values of the averages in the homogenous system
emerge from those of the previous Setion after the replaement 〈ψ(x)ψ(x′)〉0 by 〈ψ〉0〈ψ〉0 ≡ P 2
Sine, we treat here a ontat potential we have a unique oeient c, whih in the absene of the
anomalous propagator is given by
c = w
1
V
〈bo〉2 = wP 2 (31)
and we hoose again P to be real and positive.
The equilibrium exitation spetrum is
ǫk =
√
(ek − µ)2 − |c|2 . (32)
where we took into aount that e(q)− µ ≥ 0 .
The analysis of the k = 0 part of the Hamiltonian gives rise to the s.. ondition for the existene
of the anomalous solution Eq.(21), whih may be written as
e0 − µ− c = ǫ
2
0
2wP 2
. (33)
From the last three equations results that ǫ0 = 0 and therefore it follows
e0 − µ = c = wP 2 . (34)
To onlude, in the Bogolyubov model (in the absene of an external potential) in the thermo-
dynami limit
ǫ(q) =
√
2wP 2
~2
2m
q2 +
(
~2q2
2m
)2
(35)
u(q) =
√
1
2
(
e(q)− µ
ǫ(q)
+ 1
)
; v(q) =
√
1
2
(
e(q)− µ
ǫ(q)
− 1
)
,
Hene the equilibrium exitation spetrum is gap-less and starts linearly with the momentum.
The average partile number is given by
P 2 +
1
(2π)3
∫
d3p
(
e(p)− µ
ǫ(p)
1
(eβǫ(p) − 1) +
1
2
(
e(p)− µ
ǫ(p)
− 1)
)
= n .
The introdution of a ut-o here is not neessary, sine the integral onverges for the Bogolyubov
spetrum, whih is linear in p at small momenta and quadrati at large momenta.
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5 Linear response.
Although the linear response to an external potential within the frame the Bogolyubov model was
already disussed in the literature in some detail[5℄ we want to reopen the disussion here, sine
important features due to the self-onsisteny have been ignored until now. The modiations shed
a new light on the problem of supra-uidity of the Bogolyubov model. Aording to Hohenberg and
Martin [7℄ a suient and neessary ondition for super-uidity is that the density response to an
external potential in Fourier-spae diverges at vanishing frequeny and wave vetor. The Hugenholtz-
Pines theorem [13℄ ensures this feature in the frame of the exat hamilton theory. In other words, the
existene of gap-less quasi-partiles in equilibrium is the key for the understanding of super-uidity.
Of ourse the nature of the singularity may be ompliated by the fat, that multi-quasipartile
states have also a vanishing threshold.
The problem is however muh more ompliated in the ase of self-onsistent theories, like the HF
or the Bogolyubov model, sine s.. parameters (averages) are present in the s.. Hamiltonian and
they are themselves modied by the external perturbation. In this sense one speaks about an indued
perturbation. Our next purpose is to analyze this response in the ase of Bogolyubov's model. We
ignore here any dissipation, therefore any statement about singularities of the response theory has
to be regarded with some aution. The inverse statement is however true: if without dissipation one
gets no supra-uid properties, no suh properties will arise due to dissipation either.
5.1 General formalism
We onsider now the time-dependent self-onsistent linear response to a time dependent potential
U(x, t) starting from the s.. HF equilibrium in the absene of the external potential.
We have to take into aount however the peuliarities of the equilibrium distribution in the
presene of spontaneous symmetry breaking. The broken symmetry is the partile number onserva-
tion and therefore, under ondensation onditions, HHF0 does not ommute with the partile number
operator N . Therefore the maroanonial density matrix 1
Z
e−β(H
0
HF
−µN)
is not a stationary state of
the system in the usual sense [5, 19℄. More preisely, stationarity is reahed by the rotated density
matrix:
ρ˜(t) ≡ e ı~µNtρ(t)e− ı~µNt
whih satises the Liouville equation
ı~
∂
∂t
ρ˜ = [HHF (t), ρ˜]
generated by the Hamiltonian
HHF (t) ≡ e ı~µNtHHF (t)e− ı~ µNt − µN .
Indeed, in the spirit of the Van Hove limit of weak oupling to a thermal bath, ρ˜(t) approahes,
for large times, the value
1
Z
e−β(H
0
HF
−µN)
. In the absene of the spontaneous symmetry breaking, the
rotated density matrix is, of ourse, idential to the density matrix itself.
We denote
〈〈A〉〉t ≡ Tr (ρ˜(t)A)
9
and
〈A〉t ≡ Tr (ρ(t)A) = e− ı~mµt〈〈A〉〉t; (m = 0, 1, 2, ...) .
We assumed here that the operator A has the struture (ψ+)n¯ψn. Then m = n− n¯ . Obviously
the normal entities (n = n¯) are stationary in the peuliar equilibrium state, however the anomalous
ones (n 6= n¯) osillate with a multiple of the hemial potential.
In the absene of the potential U(x, t) the system is supposed to be in equilibrium
ρ˜|t=−∞ = 1
Z
e−βH
0
HF
with translational invariant averages
〈〈ψ(x)〉〉0 ≡ P ; 〈〈ψ(x)+ψ(x′)〉〉0 ≡ 1
V
∑
k 6=0
eık(x
′−x)fk + |P |2;
〈〈ψ(x)ψ(x′)〉〉0 ≡ ( 1
V
∑
k 6=0
eık(x+x
′)Fk + P
2)
where Fk ≡ 1V
∑
k 6=0 e
ık(x+x′)Fk and P
2
have the same phase up to a multiple of
π
2
and atually both
may be taken to be real. Further it is assumed, that the self-onsisteny relations in equilibrium are
satised.
Again, in order to simplify the alulations, we treat expliitly only the ase of a ontat partile
interation. In this ase
HHF (t) =
∫
dx
{
ψ(x)+
(
− ~
2
2m
∇2 + U(x, t)− µ
)
ψ(x)
+
w
2
[
4ψ(x)+ψ(x)〈ψ(x)+ψ(x)〉
+ (ψ(x)ψ(x)〈ψ(x)ψ(x)〉∗ + h.c.)
− (4ψ(x)〈ψ(x)〉∗|〈ψ(x)〉|2 + h.c.)]} .
Aording to linear response theory, for any observable A one has
δ〈〈A〉〉t = 1
ı~
∫ t
−∞
dt′〈〈[AH0
HF
(t− t′), δHHF (t′)]〉〉0
where
AH0
HF
(t) ≡ e ı~H0HF tAe− ı~H0HF t ,
or in Fourier transforms
δ〈〈A〉〉ω = 1
ı~
∫ ∞
0
dteıωt〈〈[AH0
HF
(t), δHHF (ω)]〉〉0 .
Here δHHF (t) ontains all the terms of rst order (diret and indued) of the dierene HHF (t)−
H0HF . Thus, taking also into aount that (with real P )
δ
(|〈〈ψ(x)〉〉t|2〈〈ψ(x)〉〉) = 2P 2δ〈〈ψ(x)〉〉+ |P 2|δ〈〈ψ(x)〉〉∗ = P 2(2δ〈〈ψ(x)〉〉+ δ〈〈ψ(x)〉〉∗)
we have
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δHHF (t) =
∫
dx
{(
U(x, t) + 2wδ〈〈ψ(x)+ψ(x)〉〉t
)
ψ(x)+ψ(x)
+
w
2
(
δ〈〈ψ(x)2〉〉∗tψ(x)2 + h.c.
)
− 2wP 2 [(δ〈〈ψ(x)〉〉t + 2δ〈〈ψ(x)〉〉∗t )ψ(x) + h.c.]
}
.
In what follows we restrit further the disussion to the Bogolyubov version of the theory, where
no anomalous orrelations are taken into aount. Then we have
δHBHF (t) =
∫
dx
{(
U(x, t) + 2wδ〈〈ψ(x)+ψ(x)〉〉t
)
ψ(x)+ψ(x)
+
w
2
(
2Pδ〈〈ψ(x)〉〉∗tψ(x)2 + h.c.
)
− 2wP 2 [(δ〈〈ψ(x)〉〉t + 2δ〈〈ψ(x)〉〉∗t )ψ(x) + h.c.]
}
.
In order to simplify the formulae let us dene now
A =

 ψ(x)+ψ(x)Pψ(x)
Pψ(x)+

 , B =

 ψ(x)+ψ(x)1
2
ψ(x)2 − 3Pψ(x)
1
2
ψ(x)+2 − 3Pψ(x)+


and
δHBHF (t) =
∑
α
2w
∫
dxBα(x)
+δ〈〈Aα(x)〉〉+
∫
dxU(x, t)B1(x) .
Then, after Fourier transforming (f˜(k, ω) =
∫
dx
∫
dte−ı(kx−ωt)f(x, t) )
δ〈〈Aα〉〉k,ω =
∑
α′
χαα′(k, ω)δ〈〈Aα′〉〉k,ω + χα1(k, ω) 1
2w
U˜(k, ω)
with
χαα′(k, ω) =
2w
ı~
∫ ∞
0
dt
∫
dxe−ı(kx−ωt)〈〈[AαH0
HF
(x, t), B+α′(0, 0)]〉〉eq .
Remark: By the interpretation of the suseptibility one has to perform eventually also a shift
with
µ
~
m (m = 0, 1, 2, ...)in the ase of partile number non-onserving terms!
The relation of the averages of the dierent entities Aα to the external potential U˜(k, ω), with
matrix notations, is given by
δ〈〈Aα〉〉k,ω =
(
χ(k, ω)
1− χ(k, ω)
)
α1
1
2w
U˜(k, ω) = Ξα1(k, ω)
1
2w
U˜(k, ω) .
5.2 The struture of χ(k, ω) at T = 0◦.
With the notation P 2 = ξn (0 < ξ < 1 ) one gets µ = (2− ξ)nw. We hose 2nw as natural unit for
energy and κ ≡
√
2mnw
~2
for momenta. The new variables are :
µ→ 1− 1
2
ξ
11
eq → q2 + 1
ǫq →
√
ξq2 + q4
uq =
√√√√1
2
(
q2 + 1
2
ξ√
ξq2 + q4
+ 1
)
; vq = −
√√√√1
2
(
q2 + 1
2
ξ√
ξq2 + q4
− 1
)
~ω → ω¯ = ~ω
2nw
.
Sine at T → 0◦ we have ∫
d~p
ep − µ
ǫp
1
(eβǫp − 1) → 0
the self-onsisteny equation looks at T = 0◦ in the new units as as:
ξ +
1
(2π)3
κ3
n
∫
d3~q
1
2
(
q2 + 1
2
ξ
ǫq
− 1) = 1
giving rise to the simple dependene between parameter ξ and the density n
1
(2π)2
κ3
n
=
6(1− ξ)
ξ
3
2
. (36)
We have to apply the ommutations rules:
[αq, αp] = 0; [αq, α
+
p ] = δq,p
[αq,α
+
p α
+
p′] = αq(δq,p + δq,p′)
[αqαq′, αpαp′] = 0; [αqαq′, α
+
p α
+
p′] = δp,q′αqα
+
p′ + δq′,p′αqα
+
p + δq,pα
+
p′αq′ + δq,p′α
+
p αq′
and sine at T = 0◦
〈0|αq|0〉 = 〈0|α+q αq′|0〉 = 0
the only non-vanishing terms are
〈0|[αq, α+p ]|0〉 = δq,p; 〈0|[αqαq′, α+p α+p′]|0〉 = δp,qδp′,q′ + δp,q′δp′,q
and their onjugates.
Further
A˜(k, t) =


∑
q(v
∗
q−kuqαk−qαqe
−ı(ǫk−q+ǫq)t + vq+ku∗qα
+
q α
+
−k−qe
ı(ǫk+q+ǫq)t)+
√
V P (ukαke
−ıǫkt+vkα
+
−ke
ıǫkt + h.c.(−k))
P
√
V (ukαke
−ıǫkt + vkα
+
−ke
ıǫkt)
P
√
V (u∗kα
+
k e
ıǫkt + v∗kα−ke
−ıǫkt)


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B(0)+ =

 ψ(0)+ψ(0)1
2
ψ(0)+2 − 3Pψ(0)+
1
2
ψ(0)2 − 3Pψ(x)

 =


1
V
∑
p,p′ bˆ
+
p bˆp′ +
P√
V
∑
p(bˆp + bˆ
+
p )
1
2V
∑
p,p′ bˆ
+
p′ bˆ
+
p +
P√
V
∑
p bˆ
+
p − 3 P√V
∑
p bˆ
+
p
1
2
1
V
∑
p,p′ bˆp′ bˆp +
P√
V
∑
p bˆp − 3 P√V
∑
p bˆp


or
B(0)+ =


1
V
∑
p,p′(v
∗
pup′α−pαp′ + u
∗
pvp′α
+
p α
+
−p′) +
P√
V
∑
p(upαp + vpα
+
−p + h.c.)
1
2V
∑
p,p′(u
∗
pu
∗
p′α
+
p′α
+
p + v
∗
−pv
∗
−p′αp′αp + u
∗
pv
∗
−p′α
+
p αp′)− 2 P√V
∑
p(u
∗
pα
+
p + v
∗
pα−p)
1
2V
∑
p,p′(upup′αp′αp + v−pv−p′α
+
p′α
+
p + upv−p′α
+
p′αp)− 2 P√V
∑
p(upαp + vpα
+
−p)

 .
At zero temperature T = 0◦ we have to average over the ground state (vauum of quasi-partiles)
χαα′(k, t) ∼ 〈0|[AαHeq
HF
(x, t), B+α′(0, 0)]|0〉eq
χ11(k, t) ∼ P 2e−ıǫkt|uk + v∗−k|2 +
1
V
∑
q
e−ı(ǫk−q+ǫq)tuqv
∗
q−k(u
∗
k−qvq + vk−qu
∗
q)− c.c(−k)
χ12(k, t) ∼ 1
V
∑
q
(
e−ı(ǫk−q+ǫq)tv∗q−k|uq|2u∗k−q − eı(ǫk+q+ǫq)tu∗q|vq+k|2v∗−q
)
−2P 2 ((uk + v∗−k)u∗ke−ıǫkt − (u∗−k + vk)v∗keıǫkt)
χ13(k, t) ∼ −1
V
∑
q
(
eı(ǫk+q+ǫq)t|uq|2vq+ku−q−k − e−ı(ǫk−q+ǫq)t|vq−k|2uqv−q
)
−2P 2 ((uk + v∗−k)v−ke−ıǫkt − (u∗−k + vk)u−keıǫkt)
χ21(k, t) ∼ P 2
(
uk(v−k + u
∗
k)e
−ıǫkt − vk(u−k + v∗k)eıǫkt
)
χ22(k, t) ∼ 2P 2
(|vk|2eıǫkt − |uk|2e−ıǫkt)
χ23(k, t) ∼ 2P 2
(
vku−ke
ıǫkt − ukv−ke−ıǫkt
)
χ31(k, t) ∼ P 2
(
v∗k(vk + u
∗
−k)e
−ıǫkt − u∗k(uk + v∗−k)eıǫkt
)
χ32(k, t) ∼ 2P 2
(
u∗kv
∗
−ke
ıǫkt − v∗ku∗−ke−ıǫkt
)
χ33(k, t) ∼ 2P 2
(|uk|2eıǫkt − |vk|2e−ıǫkt)
and
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χ11(k, ω¯) = ξ|uk + vk|2
(
1
ω¯ + ǫk
− 1
ω¯ − ǫk
)
+
κ3
n(2π)3
∫
d~q
[
1
ω¯ + ǫq + ǫq−k
− 1
ω¯ − ǫq − ǫq−k
]
uqvq−k(uq−kvq + vq−kuq)
χ12(k, ω¯) = 2ξ(uk + vk)
(
uk
1
ω¯ − ǫk − vk
1
ω¯ + ǫk
)
− κ
3
n(2π)3
∫
d~q
(
1
ω¯ − ǫq − ǫq−k vq−ku
2
quq−k −
1
ω¯ + ǫq + ǫq−k
uqv
2
q−kvq
)
χ13(k, ω¯) = 2ξ(uk + vk)
(
vk
1
ω¯ − ǫk − uk
1
ω¯ + ǫk
)
− κ
3
n(2π)3
∫
d~q
(
uqv
2
q−kvq
1
ω¯ − ǫq − ǫq−k −
1
ω¯ + ǫq + ǫq−k
vq−ku
2
quq−k
)
χ21(k, ω¯) = −ξ(uk + vk)
(
uk
1
ω¯ − ǫk − vk
1
ω¯ + ǫk
)
χ22(k, ω¯) = −2ξ
(
|vk|2 1
ω¯ + ǫk
− |uk|2 1
ω¯ − ǫk
)
χ23(k, ω¯) = −2ξukvk
(
1
ω¯ + ǫk
− 1
ω¯ − ǫk
)
χ31(k, ω¯) = −ξ(uk + vk)
(
vk
1
ω¯ − ǫk − uk
1
ω¯ + ǫk
)
χ32(k, ω¯) = −2ξukvk
(
1
ω¯ + ǫk
− 1
ω¯ − ǫk
)
χ33(k, ω¯) = −2ξ
(
|uk|2 1
ω¯ + ǫk
− |vk|2 1
ω¯ − ǫk
)
.
As it may be seen, the suseptibilities have poles in the omplex ω¯ plane at ǫk and uts on the
real axis from 2ǫk/2 to∞ , respetively from −2ǫk/2 to -∞ . Sine ǫk ≥ 2ǫk/2, the poles are embedded
in the uts.
The density-density orrelation χ11(k, ω) of the Bogolyubov model was already disussed at ar-
bitrary temperatures in Ref.[5℄. Our aent is on taking into aount the indued perturbation and
therefore needs the knowledge of the whole matrix χ(k, ω).
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5.3 The density-density response at
~k = 0 and ω → 0.
At
~k = 0, with the notations
c1(ω¯) ≡ 2κ
3
n(2π)3
∫
d~q
[
1
ω¯ + 2ǫq
− 1
ω¯ − 2ǫq
]
u2qv
2
q
c2(ω¯) ≡ κ
3
n(2π)3
∫
d~q
(
1
ω¯ + 2ǫq
uqv
3
q −
1
ω¯ − 2ǫq vqu
3
q
)
c2(ω¯) ≡ κ
3
n(2π)3
∫
d~q
(
1
ω¯ + 2ǫq
u3qvq −
1
ω¯ − 2ǫq v
3
quq
)
one gets
χ(ω) =

 c1(ω¯)
2ξ
ω¯
+ c2(ω¯) −2ξω¯ + c3(ω¯)
− ξ
ω¯
2ξ
ω¯
+ ξ
2
ω¯2
− ξ2
ω¯2
ξ
ω¯
− ξ2
ω¯2
−2ξ
ω¯
+ ξ
2
ω¯2

 . (37)
Of ourse the oeients of the integrals are not independent entities and are related to the
parameter ξ by the self-onsisteny relation Eq.(36).
Remark, that
χ11(0, ω) ∼ log ω for ω → 0
sine the residua of its poles vanish at k = 0. Thus the naive response theory[5℄, whih ignores
subtleties of the indued perturbation leads indeed to a singular response, although the singularity
is only a logarithmi one. The uts responsible for this behavior are due to exitations of two quasi-
partiles. These are however not present in the near-equilibrium osillations of the solution of the
Gross-Pitaevski equation.
However, taking into aount the indued perturbation from Eq.(37) it follows
Ξ11(0, ω) =
(
χ(0, ω)
1− χ(0, ω)
)
11
=
−2ξ2(2 + 3c1(ω) + c2(ω) + c3(ω)) + ξω(c3(ω)− c2(ω)) + ω2c1(ω)
2ξ2(−1 + 3c1(ω) + c2(ω) + c3(ω))− ξω(c3(ω)− c2(ω)) + ω2(1− c1(ω)) .
(38)
Sine c1(ω), c2(ω), c3(ω) behave like log ω for ω → 0, it follows
lim
ω→0
Ξ11(0, ω) = −1 . (39)
Thus we may onlude, that although the Bogolyubov model has quasi-partiles with vanishing
energy at q → 0, the response to an external potential is not at all singular!
The speial value −1 of the eetive suseptibility implies that the Fourier transform of the
eetive indued potential for the non-ondensate dened as Unceff (x, t) ≡ U(x, t) + 2wδ〈ψ(x)+ψ(x)〉t
vanishes in the limit k → 0 and ω → 0. The fator 2 in this denition stems from the fat, that in
the ase of a ontat interation the diret and exhange terms are idential. On the other hand, the
eetive indued potential for the ondensate is dierent U ceff (x, t) ≡ Unceff(x, t) − wδ|〈ψ(x)〉t|2 and
does not vanish in this limit.
Superuidity would require diverging density response to a nite external perturbation and this
does not happen.
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6 Conlusions
We have shown, that although the Bogolyubov model leads to a gap-less quasipartile model, if one
takes into aount the indued perturbation, it leads to no low frequeny, low wave-vetor singularity
of the response to a perturbation by an external potential. In this sense it does not fulll the hopes
to satisfy the riterion of Martin and Hohenberg for superuidity. Earlier treatments of the linear
response in Bose ondensed systems either ignored the indued perturbation [5℄ or did not disuss in
all detail his onsequenes, their attention being onentrated on improving the Hartree-Fok theory
[17, 18℄. As it is known, the Bogolyubov model is also not the best s.. approximation from the
thermodynamial point of view, but still obeys the Huggenholz-Pines theorem, whih the thermo-
dynamially better Hartree-Fok theory does not obey. Seemingly none of the simple self-onsistent
approximations is quite satisfatory and better models have to be developed.
One of the authors (A.M.B) thanks the Deutshe Forshungsgemeinshaft for the generous support
allowing his stay at the Frankfurt University.
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